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Abstract
We study some properties of static spherically symmetric elastic bodies
in general relativity using both analytical and numerical tools. The mate-
rials considered belong to the class of John elastic materials and reduce to
perfect fluids when the rigidity parameter is set to zero. We find numerical
support that such elastic bodies exist with different possible shapes (balls,
single shells and multiple shells) and that their gravitational redshift can
be very large (z ≈ 2.8) without violating the dominant energy condition.
Moreover we show that the elastic body has finite radius even in the case
when the constitutive equation of the elastic material is a perturbation
of a polytropic fluid without finite radius, thereby concluding that such
fluids are structurally unstable within the larger class of elastic matter
models under study.
1 Introduction
Some astrophysical systems, such as slowly rotating stars, are well approximated
by static spherically symmetric configurations of matter. The physical proper-
ties of such systems, e.g., their mass, radius and redshift, are carefully studied
in the mathematical and physical literature. The results obtained depend on
the choice of the matter model being used. Popular choices are the perfect fluid
model, which applies to stars [19, 25, 26], and the Vlasov model of collisionless
particles, which applies to galaxies [9]. When a perfect fluid model is used,
static matter distributions are necessarily spherically symmetric [20, 21]. For
Vlasov particles this is not longer the case but most studies on Vlasov matter
are none the less concerned with spherically symmetric models (see [7, 8, 29] for
studies on axially symmetric configurations of Vlasov matter).
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The purpose of this paper is to investigate some physical properties of static
spherically symmetric elastic bodies in general relativity and compare them with
the analogous properties of perfect fluids and Vlasov particles. An important
difference between elastic matter and other matter models is that elastic bodies
possess generically a solid surface, i.e., a boundary with positive matter den-
sity. As a consequence elastic bodies behave quite differently from perfect fluids
even when the constitutive equation of the elastic material is an arbitrary small
perturbation of the perfect fluid model. This sort of “structural instability” of
perfect fluids was already found in the context of spatially homogeneous mod-
els [13]. Earlier studies on static spherically symmetric elastic bodies in general
relativity can be found in [10, 17, 22, 23, 27] (see [1, 2, 3, 12] for results on weakly
deformed bodies without spherical symmetry; in the Newtonian case, static con-
figurations without symmetry assumptions and for arbitrary deformations have
been constructed in [14]).
In the rest of the Introduction we first present the general problem of static
spherically symmetric matter distributions in general relativity and then we
specialize to the case of elastic bodies. A more detailed discussion on the general
relativistic theory of elasticity is provided in Appendix. For more background
on the subject we refer to [11, 15, 18].
Let (t, r, θ, φ) be a system of Schwarzschild coordinates in a static spherically
symmetric spacetime. Consider a matter distribution with energy density ρ(r),
radial pressure prad(r) and tangential pressure ptan(r). The metric of spacetime
is then given by
ds2 = −e2β(r) dt2 + e2λ(r) dr2 + r2(dθ2 + sin2 θdφ2),
where, assuming regularity at the center and asymptotic flatness at infinity,
e−2λ(r) = 1− 2m(r)
r
, β(r) = −
∫ ∞
r
e2λ(s)
(
m(s)
s2
+
s
2
prad(s)
)
ds, (1)
with
m(r) =
1
2
∫ r
0
s2ρ(s) ds
denoting the Hawking mass. We use physical units such that 8piG = c = 1. The
radial pressure satisfies the TOV equation
p′rad = −(prad + ρ)
m+ r3prad/2
r(r − 2m) +
2
r
(ptan − prad), (2)
where a prime denote differentiation in the radial variable. The matter distri-
bution is said to have a boundary at r = R if prad(R) = 0, which is called solid
if ρ(R) > 0.
To obtain a complete system on the matter fields we need to add additional
equations on the energy density and the tangential pressure. For a barotropic
fluid one postulates the existence of a function g : [0,∞) → [0,∞) such that
g′ ≥ 0, g(0) = 0 and ptan = prad = p = g(ρ). For Vlasov particles the matter
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fields are given by suitable integrals in the momentum variable of the particle
density f in phase space and the latter is subject to the Vlasov equation [4].
For elastic matter a complete system on the matter fields can be obtained
by assigning the energy density and the radial/tangential pressure as functions
of the principal stretches of the matter, which are the eigenvalues of the defor-
mation gradient, see [17] and the Appendix below. Namely, letting x(r) be the
radial stretch and y(r) the tangential stretch, and given three functions
ρˆ, pˆrad, pˆtan : [0,∞)× [0,∞)→ [0,∞),
we set
ρ(r) = ρˆ(x(r), y(r)), prad(r) = pˆrad(x(r), y(r)), ptan(r) = pˆtan(x(r), y(r)).
(3)
The principal stretches x, y are subject to the equations
x′ =
1
∂xpˆrad
[
− (pˆrad + ρˆ)m+ r
3pˆrad/2
r(r − 2m) +
2
r
(pˆtan − pˆrad)− y′∂ypˆrad
]
(x, y) (4a)
y′ =
2
r
(√
r
r − 2m xy − y
)
, (4b)
while the Hawking mass satisfies
m′ =
1
2
r2ρˆ(x, y). (4c)
The form of the functions ρˆ, pˆrad, pˆtan is determined by the constitutive equation
of the elastic body. In this paper we consider the class of John elastic materials
introduced in [30], for which we have
ρˆ(x, y) = ρˆ0(n)
[
1 + k
(
x+ 2y
n2/3
− 3
)]
, (5a)
pˆrad(x, y) = pˆ0(n)
[
1 + k
(
x+ 2y
n2/3
− 3
)]
+ ρˆ0(n)
4k(x− y)
3n2/3
, (5b)
pˆtan(x, y) = pˆ0(n)
[
1 + k
(
x+ 2y
n2/3
− 3
)]
− ρˆ0(n)2k(x− y)
3n2/3
, (5c)
where
n = y
√
x, pˆ0(n) = n
2 d
dn
(
ρˆ0(n)
n
)
, (5d)
see the Appendix. The constitutive equations (5) contain two free functions,
ρˆ0 and pˆ0, and a constant k ≥ 0, which is called rigidity parameter (or shear
parameter). By letting k → 0 the elastic body becomes a perfect fluid with
energy density and pressure given by
ρ0(r) = ρˆ0(n(r)), p0(r) = pˆ0(n(r)),
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which we call the underlying fluid. Our results apply in particular when the
underlying fluid has a linear or polytropic equation of state. Jonh materials
belong to the class of perfect quasi Hookean materials introduced by Carter
and Quintana to study the deformations of neutron stars crusts [15]. Unfortu-
nately a throughout discussion of which elastic materials may be relevant for
the applications in neutron stars physics seems to be missing in the literature.
We choose John elastic materials as a case study to exemplify the rich diversity
of properties possessed by elastic bodies in general relativity compared to other
matter models, such as perfect fluids.
The paper continues as follows. In Section 2 we study the question of ex-
istence of a solid surface for elastic balls. In particular, a characterization of
elastic balls with solid surface is given when the underlying fluid has a linear
equation of state. Another important issue discussed in Section 2 is the va-
lidity of the dominant energy condition. In Section 3 we present numerical
simulations indicating the existence of elastic matter distributions with several
different shapes (balls, single and multiple shells) and compare our results with
those obtained in [6] for Vlasov matter distributions.
2 Properties of regular ball solutions
The first result proved in this section (Proposition 1) applies to all constitutive
equations for the elastic material verifying a number of inequalities. Among
these we assume that ρˆ, pˆrad, pˆtan satisfy the following conditions:
(C1) ρˆ, pˆrad, pˆtan ∈ C1([0,∞)× [0,∞));
(C2) ρˆ(x, y) > 0, for all x, y > 0 and ρˆ(0, y) = ρˆ(x, 0) = 0, for all x, y ≥ 0;
(C3) pˆrad(0, y) = pˆrad(x, 0) = pˆtan(0, y) = pˆtan(x, 0) = 0, for all x, y ≥ 0.
Additional conditions will be required when they are needed.
Definition. A triple (x, y,m) of radial functions is called a regular ball solution
of the system (4) with radius R > 0 and ADM mass M > 0 if the following holds:
(i) x, y,m ∈ C1([0, R]);
(ii) x(0) = y(0) := h > 0, m(0) = 0;
(iii) x, y > 0, for x ∈ [0, R), and 0 < 2m(r) < r, for all r > 0;
(iv) For r > R we have x = y = 0 and m = m(R) := M ;
(v) prad(r) := pˆrad(x(r), y(r)) satisfies prad(r) > 0, r ∈ [0, R), prad(R) = 0;
(vi) (x, y,m) solves the system (4), for r ∈ (0, R).
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We recall that f ∈ C1([a, b]) means that f ∈ C1((a, b)) and that f, f ′ extend
continuously on the boundary. We also remark that, by (iv) and (C2)-(C3), the
matter fields vanish for r > R and
ρ(r) := ρˆ(x(r), y(r)) > 0, for r ∈ [0, R).
In the exterior of the body the spacetime metric is given by the Schwarzschild
metric, cf. (1). Since prad and m are continuous at the boundary, the usual
matching conditions (continuity of the first and second fundamental form) are
satisfied. Whether ρ vanishes or not at the boundary depends on the behavior
of the principal stretches at r = R. At the boundary of a regular ball solution,
the principal stretches satisfy (x(R), y(R)) = (x∗, y∗), where
pˆrad(x∗, y∗) = 0. (6)
By (C3), the latter equation is always satisfied when either of the principal
stretches vanishes. However only the radial stretch can vanish at the boundary.
In fact, by (4b) we have y′ ≥ −2y/r, which gives
inf
r∈[0,R]
y(r) > 0. (7)
Therefore, by (C2),
ρ(R) = 0⇔ x(R) = 0.
Proposition 1. Consider a regular ball solution with radius R > 0. Assume
that, in addition to (C1)–(C3), the constitutive equations satisfy the following
assumptions for all h > 0:
(C4) ∂xpˆrad(h, h) > 0;
(C5) ∂xpˆrad(h, h) + ∂ypˆrad(h, h) ≥ 0;
(C6) There exists C > 0 such that pˆtan − pˆrad ∼ C(y − x), as (x, y)→ (h, h).
Then the inequality y > x holds for all r ∈ (0, R).
Remark 1: The meaning of A(z) ∼ B(z) as z → a is that A(z)/B(z) → 1 as
z → a.
Remark 2: The hypotheses (C4)–(C6) are satisfied by (a subclass of) John
materials, cf. Corollary 1.
Proof. Since x(0) = y(0) = h > 0 we obtain
y′ ∼ 2h
r
m(r)
r
=
h
r2
∫ r
0
s2ρ(s) ds, as r → 0.
Hence
y′(r)
r
∼ 1
3
ρ(0)h, as r → 0. (8)
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Furthermore,
x′ ∼− a m(r) + r
3prad(0)/2
r(r − 2m(r))
+ b
y − x
r
− y′ ∂ypˆrad(h, h)
∂xpˆrad(h, h)
, as r → 0. (9)
where a, b > 0 are given by
a =
prad(0) + ρ(0)
∂xpˆrad(h, h)
, b =
2C
∂xpˆrad(h, h)
In addition,
m(r) + r3prad(0)/2
r(r − 2m(r)) ∼
1
2
(prad(0) + ρ(0)/3) r.
Hence, letting δ(r) = y(r)− x(r) we obtain
δ′(r) ∼ c1r − c2 δ(r)
r
, as r → 0, (10)
where c1, c2 are positive constants. Since δ(0) = 0, (10) implies
δ(r)→ 0+, as r → 0.
In particular δ is positive, i.e., y > x, for small r. Now suppose that there exists
r∗ ∈ (0, R) such that δ(r∗) = 0. Since pˆrad = pˆtan when δ = 0, we get
δ′(r∗) =
1
∂xpˆrad(x(r∗), x(r∗))
[
(prad(r∗) + ρ(r∗))
m(r∗) + r3∗prad(r∗)/2
r∗(r∗ − 2m(r∗))
]
+
2y(r∗)
r∗
(√
r∗
r∗ − 2m(r∗) − 1
)[
1 +
∂ypˆrad(x(r∗), y(r∗))
∂xpˆrad(x(r∗), y(r∗))
]
.
The latter identity and (C4)-(C5) imply δ′(r∗) > 0, which is impossible. Thus
δ(r) > 0 for all r ∈ (0, R).
In the rest of the paper we work with the constitutive equations (5) of John
elastic materials and we make the following assumptions on the equation of state
of the underlying fluid:
(F1) ρˆ0 ∈ C1([0,∞)), ρˆ0(n) ≥ 0 and equality holds iff n = 0. Moreover
ρˆ0(n)/n
2/3 is bounded as n→ 0;
(F2) pˆ0 ∈ C1([0,∞)), pˆ0(n) ≥ 0, pˆ′0(n) ≥ 0 and the equalities hold iff n = 0.
Moreover pˆ0(n)/n
2/3 is bounded as n→ 0;
(F3) The dominant energy condition holds: pˆ0(n) ≤ ρˆ0(n), for all n ≥ 0.
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Note that when k = 0 a pair (x∗, y∗) is a solution of (6) if and only if x∗ and/or
y∗ vanish, hence the underlying fluid does not have a solid boundary. Examples
of underlying fluids that satisfy the above hypothesis are some barotropic fluids
with linear or polytropic equation of state. In the former case we have
p0(r) = (Γ− 1)ρ0(r), 1 < Γ ≤ 2,
which, by (5d), corresponds to choose
ρˆ0(n) = an
Γ, pˆ0(n) = a(Γ− 1)nΓ, (11)
where a is an arbitrary positive constant. For a polytropic equation of state we
have
ρ0(r) =
1
Γ− 1
(
ω
1
Γ−1 p0(r)
1
Γ + p0(r)
)
, 1 < Γ ≤ 2, ω > 0,
which corresponds to a pair (ρˆ0, pˆ0) given by
ρˆ0(n) =
1
Γ− 1
(
ω
1
Γ−1 a
1
Γn+ anΓ
)
, pˆ0(n) = an
Γ, (12)
where again a is an arbitrary positive constant.
It is clear that John materials satisfy (C1), (C3). Moreover, letting
σ =
x+ 2y
n2/3
− 3,
so that ρˆ(x, y) = ρˆ0(n)(1 + kσ), and using that σ ≥ 0 (with equality if and
only if x = y), we conclude that John materials satisfy (C2) as well. Next we
show that (C4)–(C6) in Proposition 1 are also satisfied. For this we need the
following calculus result.
Lemma 1. John elastic materials satisfy
pˆtan(x, y)− pˆrad(x, y) = 2k ρˆ0(n)
n2/3
(y − x),
pˆrad(x, y) + 2pˆtan(x, y) = 3
pˆ0(n)
ρˆ0(n)
ρˆ(x, y),
∂xpˆrad(x, y) =
4k
3
y
x
ρˆ0(n)
n2/3
+
1
2x
(
npˆ′0(n)
pˆ0(n)
)
pˆrad(x, y)
+
2k
3
x− y
x
[
2pˆ0(n)
n2/3
+
ρˆ0(n)
n2/3
(
7
3
− npˆ
′
0(n)
pˆ0(n)
)]
,
∂ypˆrad(x, y) =− 4k
3
ρˆ0(n)
n2/3
+
1
y
(
npˆ′0(n)
pˆ0(n)
)
pˆrad(x, y)
+
2k
3
x− y
y
[
pˆ0(n)
n2/3
+ 2
ρˆ0(n)
n2/3
(
1
3
− npˆ
′
0(n)
pˆ0(n)
)]
.
7
Assuming (F1), the validity of (C6) for John elastic materials follows imme-
diately from the first identity in Lemma 1. Moreover
∂xpˆrad(x, x) =
1
x
[
4k
3
ρˆ0(x
3/2) +
1
2
√
x
pˆ′0(x
3/2)
]
,
∂ypˆrad(x, x) =
1
x
[
−4k
3
ρˆ0(x
3/2) +
1√
x
pˆ′0(x
3/2)
]
,
by which (C4) and (C5) follow as well in virtue of (F1)–(F3). Hence Proposi-
tion 1 gives the following result.
Corollary 1. For John elastic materials with underlying fluid satisfying the
assumptions (F1)–(F3), regular ball solutions satisfy the inequality y(r) > x(r),
for all r ∈ (0, R).
We also remark that by the second identity of Lemma 1, and (F1)–(F3), we
obtain the estimate
prad(r) + 2ptan(r) ≤ Ωρ(r), Ω = sup
n≥0
3pˆ0(n)
ρˆ0(n)
≤ 3, (13)
and thus the result proved in [5] gives the following bound
2m(r)
r
≤ (1 + 2Ω)
2 − 1
(1 + 2Ω)2
≤ 48
49
. (14)
Next we discuss the validity of the dominant energy condition.
Proposition 2. Consider a John elastic material with underlying fluid satisfy-
ing (F1)–(F3). Let (x, y,m) be a regular solution of (4) and let ρ(r), prad(r), ptan(r)
be the energy density, radial pressure and tangential pressure of the elastic body
defined through (3). Then, for all k > 0,
(i) The dominant energy condition is satisfied in the radial direction and
0 <
prad(r)
ρ(r)
<
p0(r)
ρ0(r)
, for all r ∈ (0, R).
(ii) Let k < 1 and β = max(k, 1/3). If
pˆ(n) ≤ (1− β)ρˆ(n),
the dominant energy condition is satisfied in the tangential direction and
0 <
ptan(r)
ρ(r)
<
p0(r)
ρ0(r)
+ β, for all r ∈ (0, R).
8
(iii) If
lim
r→R+
3p0(r)
2ρ0(r)
> 1,
then the dominant energy condition in the tangential direction is violated
in an interior neighborhood of the boundary, i.e., there exists ε > 0 such
that ptan(r) > ρ(r), for r ∈ (R− ε,R].
Proof. Using y > x > 0 in the definition of pˆrad we obtain
pˆrad(x, y) < pˆ0(n)
[
1 + k
(
x+ 2y
n2/3
− 3
)]
=
pˆ0(n)
ρˆ0(n)
ρˆ(x, y).
To prove (ii) we use that
2k
3
y − x
n2/3
< β(1 + kσ), for all y > x > 0. (15)
To establish the latter inequality, consider the polynomial
P(z) = 2k(β − 1/3)z3 + β(1− 3k)z2 + k(β + 2/3).
Then, letting z = (y/x)1/3, the inequality (15) is equivalent to P(z) > 0, for
z > 1, which holds in particular for k < 1 and β = max(k, 1/3). Using (15) in
the definition of pˆtan we find
pˆtan < pˆ0(n)
[
1 + k
(
x+ 2y
n2/3
− 3
)]
+ βρˆ0(n)
[
1 + k
(
x+ 2y
n2/3
− 3
)]
=
(
pˆ0(n)
ρˆ0(n)
+ β
)
ρˆ(x, y).
The claim (iii) follows by the identity(
pˆtan
ρˆ
)
pˆrad=0
=
3pˆ0(n)
2ρˆ0(n)
.
Applying Proposition 2 to the case of an underlying fluid with linear equation
of state we obtain the following result.
Corollary 2. Assume that the underlying fluid of the John elastic material has
the linear equation of state p0 = (Γ− 1)ρ0, 1 < Γ ≤ 2. Then
(i) If k < 1 and 1 < Γ ≤ 2 − max(k, 1/3), the elastic body satisfies the
dominant energy condition;
(ii) if Γ > 5/3, the dominant energy condition in the tangential direction is
violated in an interior neighborhood of the boundary.
9
25/3
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?
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k
(0,1)
Figure 1: The values of the parameters that entail validity/violation of the dominant
energy condition. k is the rigidity parameter of the elastic body and Γ is the parameter
in the linear equation of state p0 = (Γ− 1)ρ0 of the underlying fluid.
The range where Corollary 2 claims the validity/violation of the dominant
energy condition is depicted in Figure 1. We leave open the question when
max(1, 2− k) < Γ ≤ 5/3.
To conclude this section we study the behavior at the boundary of the energy
density when the underlying fluid has a linear equation of state.
Theorem 3. Assume that the underlying fluid of the John material has the
linear equation of state p0 = (Γ− 1)ρ0, 1 < Γ ≤ 2. Then a regular ball solution
of (4) satisfies x(R) > 0, or equivalently ρ(R) > 0, if and only if Γ, k satisfy
one of the following two conditions:
(i) 1 < Γ < 5/3;
(ii) Γ ≥ 5/3 and k > 1/3.
Moreover the mass and the radius of regular ball solutions with ρ(R) > 0 satisfy
the inequality
2M
R
≥ 6(Γ− 1)
6Γ− 5 (16)
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Proof. When p0 = (Γ−1)ρ0, the solutions of (6) lie on the straight lines x∗ = 0
and y∗ = α3x∗ where α is the positive root of
P(α) = 2k
(
Γ− 5
3
)
α3 + (1− 3k)(Γ− 1)α2 + k
(
Γ +
1
3
)
= 0. (17)
It is straightforward to show that the latter equation has a solution α > 1 if and
only if Γ, k satisfy one of the conditions (i)-(ii) in the theorem. Moreover, since
P(1) = Γ−1 > 0, it follows that the straight line y∗ = α3x∗ lies on the left of the
line y = x and on the right of the axis x = 0, see Figure 2. Since at the center
we have x(0) = y(0), and, by Proposition 1, y(r) > x(r), for all r ∈ (0, R), it
follows that for a regular ball solution the curve r → (x(r), y(r)) cannot reach
the line x = 0 without first hitting the line y = α3x. This concludes the proof
of the first part of the theorem. To prove the inequality (16) we use that, by
the TOV equation (2),
lim
r→R−
p′rad = −ρ(R)
M
R(R− 2M) + 2
ptan(R)
R
.
Using the identity
ptan(R)
ρ(R)
=
(
pˆtan
ρˆ
)
pˆrad=0
=
3pˆ0(n)
2ρˆ0(n)
=
3
2
(Γ− 1)
we obtain, after straightforward calculations,
lim
r→R−
p′rad = −
ρ(R)
2R
[
Z
1− Z − 6(Γ− 1)
]
, Z =
2M
R
.
Since limr→R− p′rad ≤ 0, we must have Z/(1−Z)−6(Γ−1) ≥ 0, which gives (16).
We emphasize that the previous theorem does not claim the existence of
regular ball solutions. In the next section we present numerical evidence of their
existence, provided k is sufficiently large (depending on Γ). We also anticipate
that x(R) > 0 holds for all solutions found numerically. We conjecture that if
elastic balls with ρ(R) = 0 exist, they are non-generic, i.e., they correspond to
an isolated set of initial data h > 0.
Notice that (16) is not in contradiction with (14). In fact, when evaluated
at r = R and Ω = 3(Γ− 1), inequality (14) gives
2M
R
≤ (6Γ− 5)
2 − 1
(6Γ− 5)2
and the right hand side of the latter inequality is greater than the right hand
side of (16) when Γ > 1. We also remark that the right hand side of (16) can
be quite close to one. For instance, assuming Γ = 5/3 (which is the maximum
11
Figure 2: This picture summarizes the argument in the proof of Theorem 3. Under
the assumptions on the parameters k,Γ, the curve r → (x(r), y(r)) cannot intersect
the axis x = 0 without first hitting the portion of the graph pˆrad(x, y) = 0 where
x > 0. The other alternative is that the curve r → (x(r), y(r)) does not intersect the
graph pˆrad(x, y) = 0, in which case the body does not have finite radius.
value that entails validity of the dominant energy condition) we get 2M/R ≥ 0.8,
which corresponds to a redshift z =
√
5− 1 ≈ 1.24, where we recall that
z =
1√
1− 2MR
− 1.
This means that elastic bodies satisfying the dominant energy condition can be
very small and dense objects (in fact, more dense than neutron stars, for which
z ≈ 0.25 − 0.35). One undesirable feature of the inequality (16) is that it is
independent of the rigidity parameter k. As shown in Figure 5, the exact value
of 2M/R grows with k and can get much closer to one than the right hand side
of (16) and indeed redshifts z ≈ 2.8 can be attained without violation of the
dominant energy condition.
3 Numerical results
The numerical simulations presented in this section have been performed using
the ODE solver of MATHEMATICA 8. To obtain regular ball solutions one has
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to integrate the system (4) with initial datum at the center. Since the system is
singular at r = 0, we fix the initial datum at r∗ = 10−9. The value of (x, y,m)
at r = r∗ has been obtained by Taylor expanding the solution up to second
order. For instance x(r∗) = h + x′(0)r∗ + x′′(0)r2∗/2, where we compute x
′, x′′
using (4a). This procedure is not necessary in the case of shells, since these
solutions are obtained by integrating numerically the system (4) with initial
datum away from the center. In the case of shells, the initial data for x, y at
r = Rint (the internal radius of the shell) are given by
x(Rint) = x∗, y(Rint) = y∗,
where pˆrad(x∗, y∗) = 0, which has been solved numerically. In all cases (balls,
shells, etc.), the integration stops when the radial pressure vanishes.
For our numerical simulations we assume a John elastic material whose un-
derlying fluid has either linear or polytropic equation of state. We consider the
two cases in two different subsections.
3.1 Underlying fluid with linear equation of state
It is well known that for perfect fluids with linear equation of state, spherically
symmetric static solutions with finite radius do not exist. Our numerical simu-
lations show that by adding a sufficiently large strain to the fluid, we obtain a
body with finite radius. Precisely, letting p0 = (Γ− 1)ρ0, 1 < Γ ≤ 2, the equa-
tion of state of the underlying fluid, we have found that there exists k∗ = k∗(Γ)
such that the elastic body has finite radius if k > k∗, see Figure 3. Moreover k∗
depends only on Γ not on the initial datum h = x(0) = y(0) at the center.
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Figure 3: Minimum value of the rigidity parameter k to
have an elastic body with finite radius when the underlying
fluid has equation of state p0 = (Γ − 1)ρ0. Some values of
k∗(Γ) are given in the table beside. Note that k∗(5/3) = 1/3.
Γ k∗(Γ)
6/5 0.0667
7/5 0.1533
3/2 0.2067
5/3 0.3333
9/5 0.6333
2 0.7833
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Figure 4: The picture shows the profile of the matter fields and of the principal
stretches for an elastic body with underlying fluid with linear equation of state p0 =
(Γ − 1)ρ0. We choose Γ = 6/5 and k = 1/5. Notice that ρ(R) > 0. We have been
unable to find numerical solutions with zero energy density on the boundary.
In Figure 4 we show a typical profile of the matter variables for a regular
ball solution. All the solutions that we found have a positive energy density at
the boundary.
In Figure 5 we depict the value of Z = 2M/R for Γ = 5/3 and several
values of k > k∗(5/3) = 1/3. We recall that 5/3 is the largest value of Γ such
that, according to Corollary 2, the dominant energy condition is satisfied at
the boundary. In fact, we have found numerically that the dominant energy
condition is satisfied everywhere in the support of the solution. Remarkably,
2M/R can attain rather large values, greater than the Buchdahl limit 8/9. For
large values of the rigidity parameter we have Z ≈ 0.93, which corresponds to
a redshift z ≈ 2.78. Thus elastic stars might have a very large gravitational
redshift, without violating the dominant energy condition.
3.2 Underlying fluid with polytropic equation of state
Let us first review the known results concerning the existence of regular fluid
balls with poytropic equation of state (12). The main question here is for which
values of the polytropic index q the solution of the TOV equation has finite
radius, where
q =
1
Γ− 1 .
This question has been studied extensively in the physical and mathematical
literature, see for instance [16, 24, 28] and references therein. The finite radius
property is known to be verified for 0 < q ≤ 3 for all data at the center and for
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Figure 5: This picture shows the value of Z = 2M/R in terms of the rigidity pa-
rameter for an underlying fluid with equation of state p0 = 2ρ0/3 (i.e., Γ = 5/3). The
profile of the curve Z(k) is independent of the initial data. For k > k¯ ∼ 0.418, the
value of Z dominates the Buchdahl limit 8/9. The upper horizontal line corresponds
to the dominating value Z = 0.96 given by (14), which holds with Ω = 2 for the elastic
material under consideration.
q ∈ (3, 5) if ρ(0)/(p(0) + ρ(0)) is sufficiently small. For q ≥ 5, the polytropic
fluid does not have finite radius.
Our numerical solutions indicate that within the class of elastic materials
considered in this paper, polytropic perfect fluids without finite radius are struc-
turally unstable: when the polytropic index q is equal to 5, the underlying fluid
does not have finite radius while the elastic body does, no matter how small is
the modulus of rigidity. Figure 6 depicts (in a logarithmic scale) the radius of
the elastic star as a function of the modulus of rigidity for q = 5.
In the rest of the simulations we assume that the underlying fluid has a poly-
tropic equation of state with polytropic index q = 3/2, and thus in particular it
has finite radius. In Figures 7-8 we depict solutions with several different shapes:
balls, single shells with and without core, double shells. Note that ρ = 0 at the
boundary of the underlying fluid, while ρ never vanishes at the boundary of the
elastic solutions depicted in Figures 7-8. Moreover for the underlying fluid only
ball-shaped static solutions are possible, because the pressure is a decreasing
function of the radius. The many-body solutions depicted in Figures 7-8 have
been obtained by gluing together single bodies solutions through a vacuum re-
gion. There seems to be no restriction on the relative position of the shells,
which is a property that distinguishes elastic matter from Vlasov matter, see
the discussion in Section 3.3.
Finally in Figure 9 we depict the mass vs radium diagram of ball solutions
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Figure 6: The radius of the elastic body as a function of the rigidity parameter (in
logarithmic scale). The poytropic index of the underlying fluid is q = 5.
for different values of k. For k = 0, which corresponds to a polytropic fluid,
we recognize the characteristic spiral structure of the diagram. This structure
is preserved for small value of the rigidity parameter. However our numerical
simulations indicate that for k ≥ 1/3 the spiral structure is no longer present.
3.3 Comparison with Vlasov matter
So far we underlined the differences between perfect fluids and elastic bodies,
the former class of matter models arising in the limit k → 0 in the constitutive
equations of John materials. In this subsection we compare our results with
those obtained in [6] in the case of Vlasov matter. One common feature of
elastic matter and Vlasov matter is that they are both anisotropic models, in
contrast to the fluid model which is isotropic.
The fundamental quantity for describing Vlasov matter is the density func-
tion f which is a non-negative function on phase space. The energy density ρ,
the radial pressure prad and the tangential pressure ptan are given in terms of f
by the following expressions in suitable coordinates
ρ(r) =
∫
R3
√
1 + v2f(r, v) dv, (18)
prad(r) =
∫
R3
(x · v)2√
1 + v2
f(r, v) dv, (19)
ptan(r) =
1
2
∫
R3
|x× v|2√
1 + v2
f(r, v) dv. (20)
Here v ∈ R3 can be thought of as the three-momentum of the particles, cf. [4] for
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Figure 7: This picture shows an elastic ball and a ball surrounded by a shell (k =
1/10, q = 3/2). The radial pressure of the outer shell has been enhanced for graphical
purposes.
more background. From (19) we conclude that prad(r) = 0 if and only if f(r, ·) =
0. Hence, since prad(R) = 0 at the boundary r = R of a static body, it follows
that also ptan and ρ vanish at r = R. This is in sharp contrast to our results
above for elastic matter where we found that ρ(R) > 0 (cf. Figures 7 and 8) for
all solutions we construct numerically. This difference is perhaps intuitive since
Vlasov matter models galaxies, which typically have a thin atmosphere close to
the boundary, whereas elastic matter models very dense stars, which reasonably
possess a solid surface.
Another distinct difference between Vlasov matter and elastic matter is the
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Figure 8: This picture shows a single and a double shell (k = 1/10, q = 3/2). The
radial pressure of the outer shell has been enhanced for graphical purposes.
maximum possible value of the quantity 2M/R. The expressions above imply
that
prad + 2ptan ≤ ρ.
Hence, Vlasov matter satisfies (13) with Ω = 1, which in view of (14) implies
that
2m(r)
r
≤ 8
9
, for all r ∈ [0, R].
For elastic matter we found above examples where 2M/R ≈ 0.93, which corre-
sponds to z ≈ 2.8, hence quite larger than the Buchdahl limit 8/9 corresponding
to z = 2.
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Figure 9: The radius-mass diagram of ball solutions. The underlying fluid is poly-
tropic with index q = 3/2. The spiral structure, which appears for perfect fluids
and Vlasov matter, is also present for elastic bodies only if the rigidity parameter is
sufficiently small.
An interesting feature of Vlasov matter is that static solutions may consist of
many peaks as is shown in Figure 10. Note in particular that there is a vacuum
region between the first and second peak (there are in fact cases where there
are many such vacuum regions, cf. [6]). These vacuum regions appear naturally
in the case of Vlasov matter, i.e., the solution has not been pieced together by
separate solutions, cf. [6] for more background on this issue. This is in contrast
to the solutions shown in Figures 7 and 8 and entails that, while for elastic
matter it seems that the shells can be placed at any radius, for Vlasov matter
the position of the peaks is determined by the solution.
The property that the mass-radius diagram for elastic matter contains spi-
rals, as depicted in Figure 9, is also true in the case of Vlasov matter. However,
the spirals are more pronounced in the latter case, i.e., the spirals consist of
many turns as is shown in Figure 11.
Finally we comment on the difference between the rigorous results on static
solutions established for the two matter models. As opposed to elastic matter
the existence theory for spherically symmetric static solutions of the Einstein-
Vlasov system is well developed. Existence of solutions with compact support
and finite mass have been obtained, and a sub-class of the solutions admit the
quantity 2M/R to be arbitrarily close to the maximum value 8/9. Hence, these
solutions are in particular not small data solutions. We refer to [4] for a review.
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Figure 10: Multi-peaks for Vlasov matter.
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Figure 11: Mass-radium diagram for Vlasov matter (left) and elastic matter (right).
The picture for elastic matter is a magnification of the spiral k = 0.05 shown in
Figure 9.
Appendix
This Appendix contains a quick introduction to elasticity theory in general
relativity. We restrict ourselves to derive the system (4) and the constitutive
20
equations (5) used in this paper. For more background on the subject we refer
to [11, 15, 17, 18].
The reference state of the elastic body is a three dimensional Riemannian
manifold (N, γ) which identifies the body in the undeformed state (no strain).
The deformed state of the body in a four dimensional space-time (M, g) is
described by the configuration map ψ : M → N . It is assumed that for all
q ∈ N the set ψ−1(q) is a timelike curve (the world-line of the “particle” q). This
definition implies that the kernel of the deformation gradient dψ : TM → TN
is generated by a (future-directed unit) timelike vector field u, which is the
four-velocity field of the body particles.
Given a system of coordinates xα in space-time (α = 0, . . . , 3) and a system
of coordinates XA in the reference state (A = 1, 2, 3), we denote by hαβ the
components of the pull-back of the material metric γ:
hαβ = ∂αψ
A∂βψ
B γAB , (21)
which is also called the relativistic strain tensor. Clearly hαβu
β = 0, hence
hαβ = g
ασhσβ has three positive eigenvalues h1, h2, h3, which are called the
principal stretches of the body. The scalar quantity
n =
√
h1h2h3
is the particle density of the material. A constitutive equation for the elastic
material is a function w : (0,∞)3 → [0,∞) such that the Lagrangian density L
of the matter takes the form
L = w(h1, h2, h3). (22)
A constitutive equation is said to have a quasi-Hookean form if
w(h1, h2, h3) = ρˆ0(n) + µˆ(n)F (σ) := wˆ(n, σ), (23a)
where σ is a shear scalar, i.e., a non-negative function of the principal stretches
such that σ = 0 iff h1 = h2 = h3, F is a non-negative smooth function such
that F (0) = 0, ρˆ0 is the unsheared energy density and µˆ(n) the rigidity modulus
of the elastic material. In this paper we adopt the shear scalar used in [30],
namely
σ =
h1 + h2 + h3
n2/3
− 3, (23b)
and moreover we choose
F (σ) = σ. (23c)
Following [30], we call these elastic materials John materials.
The stress-energy tensor of elastic materials is obtained as the variation with
respect to the spacetime metric of the matter action SM = −
∫ √|g| L. For the
constitutive equation (22)-(23) we obtain
Tαβ = ρ uαuβ + p (gαβ + uαuβ) +
2µ
n2/3
(
hαβ −
∑3
i=1 hi
3
(gαβ + uαuβ)
)
, (24)
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where µ(xα) = µˆ(n(xα)), ρ(xα) = wˆ(n(xα), σ(xα)), p(xα) = pˆ(n(xα), σ(xα))
and
pˆ(n, σ) = pˆ0(n) + νˆ(n)σ, pˆ0(n) = n
2 d
dn
(
ρˆ0(n)
n
)
, νˆ(n) = n2
d
dn
(
µˆ(n)
n
)
.
Now we assume
µˆ(n) = kρˆ0(n), (25)
for some constant k ≥ 0, called the rigidity parameter of the elastic body. This
implies that
wˆ(n, σ) = ρˆ0(n)(1 + kσ). (26)
Moreover, denoting by u, v(1), v(2), v(3) the orthonormal eigenvectors of h
α
β cor-
responding to the eigenvalues (0, h1, h2, h3) (by definition, u is the eigenvector
of the zero eigenvalue), we have
Tαβu
β = −ρuα, Tαβvβ(i) = pivα(i),
where the anisotropic pressures are pi(x
α) = pˆi(h1(x
α), h2(x
α), h3(x
α)),
pˆi(h1, h2, h3) = pˆ0(n)(1 + kσ) + 2k
ρˆ0(n)
n2/3
(
hi − 1
3
3∑
i=1
hi
)
. (27)
Static spherically symmetric elastic bodies. Assume now that space-
time (M, g) is static and spherically symmetric. This entails that the body is
also static and spherically symmetric, which means that the static Killing vector
field coincides with the four-velocity u and that h is invariant by the rotational
group of isometries, see [10]. It is clear that in this case there are only two in-
dependent eigenvalues of the relativistic strain tensor: the radial stretch x = h1
and the tangential stretch y = h2 = h3. Moreover x and y are functions of the
radial variable only; we fix a system (t, r, θ, φ) of Schwarzschild coordinates in
spacetime and express the metric in the form
g = −e2β(r) dt2 + e2λ(r) dr2 + r2(dθ2 + sin2 θdφ2).
It follows that
n =
√
xy, σ =
x+ 2y
n2/3
− 3
and so, by (26), (27) the matter fields constitutive equations take the form
wˆ(n, σ) = ρˆ(x, y), pˆ1(h1, h2, h3) = pˆrad(x, y),
pˆ2(h1, h2, h3) = pˆ3(h1, h2, h3) = pˆtan(x, y)
where ρˆ, prad, pˆtan are given by (5). Finally we derive the system (4). First we
have
p′rad = ∂xpˆrad(x, y)x
′ + ∂ypˆrad(x, y)y′,
22
hence (4a) follows from the TOV equation (2). Equation (4c) follows by the
definition of Hawking mass. It remains to establish (4b). The latter equation
depends on the choice of the material metric γ in the reference state. We choose
γ to be the Euclidean metric, which we express in spherical coordinates (R,Θ,Φ)
as
γ = dR2 +R2(dΘ2 + sin2 ΘdΦ2).
In these coordinates the (spherically symmetric) configuration map becomes a
function (R(r),Θ(θ, φ),Φ(θ, φ)). By rotating the axes we can assume Θ = θ,
Φ = φ, hence
h = (R′(r))2dr2 +R2(r)(dθ2 + sin2 θdφ2).
It follows that
h1 = x = e
−2λ(R′)2, y =
R2
r2
.
Differentiating y(r) and using that e−2λ = 1− 2m/r yields (4b).
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